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1. INTRODUCTION 
An embedding of an algebraic homogeneous space G/H is an algebraic 
normal variety with an action of G having an open (dense) orbit 
isomorphic to G/H. 
There is a beautiful theory for the embeddings of tori. See, for example, 
[KKMS], [Danl], or [Oda]. In this theory the embeddings are classified 
by “fans” of rational convex cones. By studying the combinatorics of the 
fans, one can determine certain geometric properties of the associated 
embeddings. For example, one can check which embeddings are smooth, 
complete, or projective. 
Recently Luna and Vust developed a method to classify embeddings of 
homogeneous spaces G/H where G is a connected algebraic reductive group 
[LV]. In the present paper we analyse more closely the cases of 
embeddings of X(2) and PGL(2). Each embedding is represented by a 
diagram containing combinatorical information about the local rings of 
orbits. As in the case of torus embeddings, one would like to be able to 
determine geometric properties from these diagrams. 
In this article we find the conditions that the diagrams must satisfy to 
represent smooth embeddings. The idea of the proof is as follows. An 
embedding is smooth if and only if the local rings of all the orbits are 
regular. The embedding is a three-dimensional normal variety, so all orbits 
of dimension two are smooth. It can be shown that the fixed points are 
never smooth, so one is left o treat the one-dimensional orbits (which are 
isomorphic to the projective line). A result from [BLV] states that a point 
of a one-dimensional orbit has an affme neighborhood which is the product 
of the affrne line and a certain two-dimensional variety; the orbit projects 
down to a point in the two-dimensional variety. Thus the problem is 
reduced to checking the regularity of certain local rings of points in two- 
dimensional varieties. In each case, either one can find explicitly two 
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generators of the maximal ideal, and thus the ring is regular, or one can 
show that the ring is not factorial, and thus it is not regular. To do this in 
all cases is quite tedious, as one can see from the proofs of the few cases 
that we treat with this method in Section 5. For the other cases we can 
simplify the problem by using an idea of Luna: we show that in these cases 
the two-dimensional variety mentioned above is locally isomorphic to an 
embedding of a certain torus. Thus we can use the theory of torus 
embeddings to check the regularity. 
In Section 2 we give a quick synopis of the classification of SL(2)- and 
PGL(2)-embeddings from [LV]. In Section 3 we state the main results, 
which are proved in Sections 4 and 5. In the last section, as an application, 
we find all the diagrams of minimal models, i.e., smooth complete 
embeddings which are not blow-ups of other smooth embeddings: first we 
prove a proposition explaining how the diagrams indicate when there is an 
equivariant (necessarily birational) morphism between two embeddings of 
the same group. A result from [MU] says that any such morphism is a 
composition of blow-downs. Applying this and the results about smooth 
embeddings developed here, we can list all the minimal models. 
I thank D. Luna, M. Brion, and especially Th. Vust for very helpful com- 
ments and discussions. 
2. CLASSIFICATION OF &C(2)- AND PGL(2)-EMBEDDINGS 
Let k be an algebraically closed field of characteristic zero. Let G be a 
connected algebraic group over k and H be an algebraic subgroup. 
DEFINITION 2.1. An embedding of the homogeneous space G/H is a 
reduced irreducible normal algebraic G-variety X with an equivariant open 
injective morphism i: G/H 4 X. Two G/H-embeddings (X, , i, ) and (X,, iz) 
are considered equivalent if there exists an equivariant isomorphism 
ql:x,r X, such that cp 0 il = i,. (That is, an embedding is considered with 
a base point: the image of H/H by the equivariant injective morphism.) I 
denote the embedding (X, i) simply by X. 
Note that all the varieties considered in this article are normal. 
SL(2, k)-Embeddings 
We start by describing the classification of SL(2)-embeddings given in 
Section 9 of [LV]. We do not repeat any proofs or give details not needed 
in the present context. 
The idea of the classification s to study the local rings of possible orbits 
for embeddings. The procedure is divided into 3 steps: 
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(1) codimension one orbits: find the possible valuation rings; 
(2) find the possible local rings of the other orbits; 
(3) check which orbits can be pieced together to form a variety. 
First we given some general notation. We identify X(2) with the group of 
2 x 2 matrices over k of determinant 1. Let k[SL(2)] denote the ring of 
regular functions on X(2) and k(SL(2)) its quotient field. There is an 
action of X.(2) on k(SL(2)) induced by left ranslation. Fix a Bore1 sub- 
group B of X42). Let B9 = {irreducible divisors of X(2) stable by B}. 
Since B is of codimension one in Z(2), B9 is simply the set of B-orbits in 
X(2). Thus, B9 z B\SL(Z) E P’, and we can identify B9 with P’. For 
DE P” let fD be an element of k[SL(2)] such that fD generates the ideal 
in k[SL(2)] of functions which vanish on D. 
(1) Valuations 
Let 
-I’( Z(2)) = {discrete normalized geometric valuations of k( SL( 2)) 
overkstable by X(2)) 
and 
%(,X(2))= {u~Y(SL(2))1~~“)k,.~k}, 
where k, is the residue field of v and sL’2)k is the subfield of elements 
invariant by X(2). (A valuation is called “geometric” if its valuation ring 
is the localization fan algebra of finite type.) 
Any valuation u E V(SL(2)) is determined by its values on {fD}DEP,. 
We normalize the valuations uch that their minimal value on this set is 
-1 (and thus they can have values in the rational numbers). One finds 
PROPOSITION 2.2. (a) Given D E a4 ’ and r E ( - 1, 1 ] n Q there exists u 
unique valuation u(D, r) E V(SL(2)) such that 
if D=D, 
otherwise; 
(b) T~(SL(~))={~(D,~)IDEP’, rE(-1, l]nQj; 
(c) V(SL(2)) - ~5(%,(2)) consists of one element, v( , - 1) whose 
value is -1 on fDfor all DEP’. 
Now “/5(X(2)) corresponds to the set of valuation rings of codimension 
one orbits of X(2)-embeddings. (The one element of Y(SL(2)) - 
+5(SL(2)) corresponds to an infinite union of one-dimensional orbits.) 
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FIG. I. The diagram of V(SL(2)). 
One can draw a schematic diagram of the set Y(SL(2)) as follows. For 
each element of P’ consider the rational interval [ - 1, 11; join these 
intervals at the point - 1. (See Fig. 1.) 
(2) Local Rings of Orbits 
We denote 
=!q(SL(2)) = (1 ocal rings of non-open orbits of SL(2)-embeddings >. 
We call an element 1 E Py(SL(2)) a locality, which corresponds to the local 
ring 0, with maximal ideal m,. 
Now 0, is a Krull ring, thus it is determined by its essential valuations. 
In fact it is shown in [LV] that it is determined by those essential valua- 
tions stable by B. For DE ‘9 z P’ let uD be the valuation associated to D 
on SL(2). Then the set of valuations in k(SL(2)) which are stable by B 
consist of 
For 1~ d;p;(SL(2)) we denote by K the set of essential valuations of Q in 
V(SL(2)), and “$3, the subset of P’ whose valuations are essential for (5,. 
An important fact used in this part is the following. 
PROPOSITION 2.3. Suppose X is an SL(2)-embedding. Let Y be an orbit in 
X. Then there exists an affine open subset of X stable by B which intersects 
Y. 
(This is analogous to the fact that any orbit of a (normal) torus 
embedding is contained in a stable open affine neighborhood [Sum].) 
This for z~diPy(SL(2)) there exists a finitely generated integrally closed 
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algebra A over k with quotient field k(SL(2)) stable by B such that 0, is 
a localization fA. 
Let 9 be a cofinite subset of P’. Denote by A(9) the ring of regular 
functions on {9} c X(2). For any finite set { wl, . . . . We} = W c “Y-(X(2)) 
let 
A(9, W”) = A(9) n Ow,, f-3 . . . n O,+. 
Algebraically, Proposition 2.3 tells us that there exists a colinite subset of 
‘9 which contains B9,, called 9, such that 0, is the localization of 
A(9, 6) in a prime ideal m : if v is a valuation of <(,X(2)) which 
dominates 4, then m = A(9, K) n m,. So the locality 1is characterized by 
the triple (9, q, v). A list of conditions are given in [LV] to determine 
which triples give rise to localities of97(X(2)) in this way and when two 
triples yield the same element. The result is stated in Proposition 2.4. 
Denote by 4 the set of valuations in 95(X(2)) which dominate 0,; this is 
called the facette of 1. 
PROPOSITION 2.4. Let 9 be a cofinite subset of P’, $4’” = { wl, . . . . wl} c 
Y(SL(2)) with wj=u(Dj, rj), j= 1, . . . . LX, and v E Y,(SL(2)). Then the triple 
(9, K;, v) represents an element of Yl(SL(2)) if and only if it is one of the 
following types : 
Type A, (~12 1) 
9 = P’ - {D1,..., D,} andDi#Diifi#j; -l<r,<l and i 
1 
-> 1; 
j=l l+r, 
UE u v(D, I-1, 11)~ fi v(Dj, l-l,rj[). 
DE9 j= I 
Type AB (~.=2) 
D,$g#P’-{D,}; D,=D, and -1 dr, <r,d 1; u~v(D,, ]r,, rz[). 
Type B, (c(= 1) 
D,E~#P’; -ldr,<l;u~v(D,,]r,, 1)). 
Type BP (CC= 1) 
9=P’--{D,};O<r,dl; v~v(D,,]r,, 11). 
Type B, (a= 1) 
LS=P’; O<r,<l; v~v(D,, ]r,, 1)). 
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FIG. 2. Diagrams of the different types of orbits. 
w= {II}. 
Furthermore, each locality Iin Yy(SL(2)) is determined uniquely by K;, %, 
and the type.* 
Note that the Type C orbits are exactly the valuations Vr(SL(2)); they 
correspond to the two-dimensional orbits. Those of Type B, are fixed 
points, and the rest are one-dimensional isomorphic to P’. 
The condition for the localities of Type A, that x,“= I (l/( 1+ r,)) > 1 
means that if tl= 1 then rl is negative, and if c1= 2 then r, or r2 is strictly 
less than 1. 
On the diagram of V(SL(2)) one can indicate the elements of 
.YP;(SL(2)) by darkening the facette and distinguishing between the Types 
B,, BP, and B,. See Fig. 2. 
‘See Appendix for a correction to the proof given in [LV] 
481/132/2-9 
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(3 ) The emheddings 
We say that L c Yy(SL(2)) is an embedding if there exists a normal 
embedding X such that the set of localities of the non-open orbits of X, 
denoted by L(X), is equal to L. 
We denote 
Y’(SL(2))= {IE2T(SL(2))jIisofTypeB+ andK={u(, -I)}}. 
PROPOSITION 2.5. Let L be a subset of .97(SL(2)). Then L is an 
embedding if and only if it satisfies the following properties: 
(i) if 1~ L, then ~4~7 q(SL(2))c L; 
(ii) if 1~ L and u( , -1) E +‘;, then L contains a cofinite subset of 
9’(W2)); 
(iii) L - Y’(SL(2)) is finite; 
(iv) the ,facettes of the elements in L are disjoint. 
Furthermore, an embedding L is complete if and only if the union of the 
facettes of the localities in L is q(SL(2)). 
One can represent an embedding by indicating its orbits on the skeleton 
diagram of Y(SL(2)). See Fig. 3 for some examples. 
FIG. 3. Examples of diagrams. (a) An embedding with 11 orbits: a fixed point of Type B,; 
3 one-dimensional orbits of Types A,, B + , and B ; 6 two-dimensional orbits of Type C; and 
the open orbit. (b) An embedding with an infinite number of orbits of Type B + , (c) A 
complete embedding with 6 orbits: (d) This is not the diagram of an embedding, since 
Proposition 2.5(i) is not verified. 
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PGL(2)-Embeddings 
Denote by 
Z;( PGL(2)) = {local rings of non-open orbits of PGL(2)-embeddings}. 
Given a locality Iof Yy(PGL(2)) the integral closure of the local ring 0, 
in k(SL(2)) is local, since each ideal lying over the maximal ideal of 
0, is stable by SL(2), and the subgroup { &-e} permutes all of these ideals. 
In fact one can show that it is in Yy(SL(2)). Moreover, if X is a PGL(2)- 
embedding then the set of closures of the local rings of X form an SL(2)- 
embedding. This is easily checked by looking at the conditions in [LV]. 
Conversely, let X be an SL(2)-embedding. Note that X is covered by 
afline open sets which are stable by { + e) (simply take Spec A(g, %‘-) and 
its translates). So we can construct the variety X/{ fe} (see, e.g., [Ser, 
Sect. 3.3.13]), which is an embedding of PGL(2). Thus we have proven 
PROPOSITION 2.6. There is a one-to-one correspondence between {SL(2)- 
embeddings} ct { PGL(2)-embeddings} given by X --+ X/{ f e}. 
We use the same diagrams for the PGL(2)-embeddings as for the SL(2)- 
embeddings. 
3. STATEMENTS OF RESULTS 
Suppose X is an embedding of a group G. Then the set Sing X of singular 
points of X is stable by G; thus each orbit is either entirely contained in 
Sing X or in Reg X, its complement. 
Let G denote either SL(2) or PGL(2). We denote 
B(G)= {l~c!?;(G)I0, is a regular local ring}. 
An embedding is smooth if and only if the localities ofall its orbits are in 
a(G). In the following theorems we determine W(G). 
THEOREM 3.1. Let 1 be a locality of Yy(SL(2)); then 1~9(SL(2)) ifand 
only if it is one of the following types ; 
(la) Type A, with r1 = -l/q, qE N+; 
(lb) TypeA,withr,=r,=Oorwithr;=landr,=(q-l)/q,qsN+; 
(2) Type AB with rj=pJqi and lp,q2-p2q1i = 1; 
(3) Type B, with rl =0 or -1; 
(4) Type BP with rl = l/q, qE N +; 
(5) Type C. 
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(In this theorem if we write r = p/q, we choose q > 0 and p, q E 77. relatively 
prime.) 
THEOREM 3.2. Let 1 be a locality of Yy(PGL(2)); then IE~(PGL(~)) if 
and only if it is one of the following types; 
(la) TypeA, with rl= -1/(2n+l), ngN+; 
(lb) Type A, with ri = 1 and rj= (q-2)/q, q > 2; 
(lc) Type A, with r,=r,=r,=l; 
(2) Type AB with ri=pi/qi and Iplq2-p2qll =2; 
(3) Type B, with r, = -1; 
(4) Type B- with rI = 1/(2n+ l), nE N+; 
(5) Type C. 
(Here when we write r = p/q, we choose q > 0 and p, q E Z in lowest terms 
such that q - p is even.) 
4. SOME USEFUL LEMMAS 
Let X be an embedding. Certainly any orbit of codimension one is in 
Reg X, since X is a normal variety. Also if x E X is a fixed point, Popov 
[Pop] showed that x is always singular. The argument goes as follows. 
First note that x is contained in an afl’ine open neighborhood, U, which is 
stable by G. Then the etale slice theorem of Luna [Lun] says that if x were 
smooth, U must be a three-dimensional vector space, and the action of G 
must be linear. It can easily be shown that this is not the case; thus x is 
singular. (See also [MU].) An orbit associated to an element of Type B, 
is a fixed point, and one associated to an element of Type C is of codimen- 
sion one. This proves 
LEMMA 4.1. (a) Suppose 1~9’;(G) is of Type B,; then 1$9(G). 
(b) Suppose 1~9y(G) is of Type C; then leg(G). 
It remains to study the localities of one-dimensional orbits. The next 
lemma will give us a way to reduce the problem to a study of local rings 
of two-dimensional varieties. 
As before B is a fixed Bore1 subgroup of SL(2). Let U denote the 
unipotent radical of B. For 1 E .Yy(SL(2)) we construct a corresponding 
ring A(9, W) as described in Section 2. Since B, and therefore also U, acts 
on this ring, it makes sense to consider UA(9, W), the fixed elements of 
A(9, W) under the action of U. In [LV] it is shown that UA(9, W) is of 
finite type. 
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LEMMA 4.2. Suppose I E dp;(SL(2)) is the locality of a one-dimensional 
orbit. Then A(9, %‘“) is locally isomorphic to k[U] Ok “A(9, Yf) in a 
neighborhood of m, n A(9), YY) and k[ U] Ok (mln ‘A(9, w)). 
Proof: Let X be an ,X(2)-embedding with orbit Y such that OX, ,, = 0,. 
Since Y is of dimension one, it is isomorphic to P’. Pick a point x E Y such 
that the stabilizer ofx is not B. In [BLV] it is shown that there exists an 
open B-stable affine neighborhood V of x such that Vr U x U\ V; that is, 
k[ I’] E k[U] 0 ‘k[ V]. Let y be the image of Vn Y in the projection 
v+ u\v. 
Let W= Spec A(9, ?!r”‘). It makes sense to define a variety U\ W= 
Spec uA(9, w), since UA(L3, -ly-) is of finite type. Let z,, be the image of 
Y n W by the projection W + U\ W. 
To prove the lemma we will show that Lo,,,,, = Ov,w,zO. By replacing V
with Wn V we can assume that VC W. It is then clear that 
0 u\w,q = %x,p because we have that uk[ W] c “kCV]. 
Since V is B-stable, W- V is a finite union of closures of divisors 
D 1, . . . . D, in 9 - “9,. Since these divisors are not in ‘gl, by Section 8.8 in 
[LV] we know that for i= 1, . . . . n there exists a function g,E uA(9, YY) 
which is a unit in 0, and vanishes on Di. Set g = nr= i gi. Suppose we have 
fEC"u,vy Then f= fi/f2 with fi, f2 E uk[ V] and fi 4 m,; now for some 
positive ‘integer N we have fi gN, fi gN E “k[ W] and f2 gN $m,; thus 
f=figNhN~~"\w,zo. I 
From now on, we denote Z(g, w) = Spec UA(9, -W), and z. is the point 
of Z(g, w) with local ring “0,. Let 1 be a locality of Y;(SL(Z)); 
Lemma 4.1 shows in particular that the following statement are equivalent 
(i) 0, is a regular local ring 
(ii) “0, is a regular local ring 
(iii) z. is a smooth point of Z(g, %‘“). 
Let Z,(g, w) denote the quotient of Z(g, %‘“) by the action of { &-e} 
and zp the image of z. in Z,(g, -Iy-). By considering the invariants of { ke} 
in the local isomorphism of Lemma 4.2, we get similarly: For 
1~ 3’7(PGL(2)), the conditions above are equivalent, where in (iii), 
Z(g, ^ ty-) is replaced by Z,(g, w) and z. is replaced by zp. 
Remark. One can prove that the rings given in Lemma 4.2 are globally 
isomorphic [MJ]. We will see in the next section that for each locality of 
a smooth X(2)-embedding one can choose 9 such that Z(Q, q) is a 
smooth affine torus embedding; thus it is isomorphic to A:. By the 
isomorphism above, Spec A(9, K) is then isomorphic to Ai. Thus we have 
an explicit covering of a smooth SL(2)-embedding by affine pieces 
isomorphic to Ai. 
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Denote by 9 the set of eigenvectors of B in k(SL(2)). 
For 1 E 97(X(2)) fix a corresponding ring A(9, %‘) as before. Let 
A,(9, %Y) be the subring {*‘}A(9, -Iy-) of stable lements of { +e}. (This 
is the coordinate ring of a B-stable alline neighborhood of a PGL(2)- 
embedding.) Let A denote either A(9, w) or A,(9, W). 
LEMMA 4.3. The ring ‘A and the ideal m, n ‘A are generated by elements 
of 9. 
Proof Fix a torus TC B. Then 9” is the set of eigenvectors of T in 
uk(SL(2)). Since oA is a rational T-module and m,n ‘A is a T-stable 
ideal, they are generated by eigenvectors of T. 1 
Since “~5, is the local ring of a point in a two-dimensional variety, it is 
regular if and only if its maximal ideal can be generated by two elements. 
This is the case if the ideal m,n A of A can be generated by two elements. 
Lemma 4.3 enables us to find generators of this ideal. 
For some choices of 9 and w we have that Z(9, w) and Z,(9, ?Y) are 
embeddings of a certain torus. By the theory of torus embeddings in this 
case it is easy to check when these varieties are smooth. We define the torus 
by giving its characters. Fix D,, D, E ‘9. Denote by fi the function fD,, 
i = 1,2. Let S be the torus with coordinate ring k[fi, f ;‘, fi, f ;‘I. 
LEMMA&t. Suppose we have ~x~‘-{D,,D,} and Wc(w,,w,} 
where w1 = v(D,, r,) and w2= u(D,, r2), i= 1 or 2; then Z(9, W) is an 
embedding of the torus S, and therefore also Z,(9, W) is an embedding of 
S/{ f e}. Furthermore, if there exists vE q(SL(2)) which dominates 0, and 
v = v(D,, r) with r > -1 and j= 1 or 2, then the point of Z(9, W) (resp. 
Z,(9, 94’“)) fixed by S is zO (resp. zp). 
Proof It is enough to prove the result for Z(9, Icy), since Z,(9, w) is 
simply a quotient of Z(9, -Iy-). 
It is clear that “A(9, w) is an integrally closed subfield of k[S] with the 
same quotient field as k[S]. To see that Z(9, w) is an S-embedding it 
remains to show that “A(9, W) is stable by the action of S. By 
Lemma 4.3, we know that UA(9, 96’“) is generated by oA(9, W) n 9’. Now 
9 is the multiplicative group generated by linear combinations of fi and 
f2, and fi and fi generate the characters of S. Suppose f 6 oA(9, W) n 9’; 
then f is of the form 
f = cfl’f? fi (fi + ajfi)“‘, c,aiEk*,nl,n,E;2,n,~N,i~3. 
i=3 
Now if s E S, then 
s .f= Ufl’f;* fi (f, + b,f?, 
1=3 
c’, b;E k*. 
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By choice of w1 and w2 we have w,(s .f) = w;(f) for i = 1,2, since wi is 
-1 on f, + bf2 for all b E k*; also uD,(f) equals uD,(s .f ), i= 1, 2; thus 
‘A(9, YV) is stable, and Z(9, %‘“) is a torus embedding. 
For v = u(D,, r), i= 1 or 2, we also have v(f) = U(S .f). So the ideal 
m, n UA(9, %‘“) is stable by the action of S. If u dominates 4, this is the 
ideal of the point zO. 
Remark. Let T be the maximal torus of B which fixes f, and f2 by right 
translation. Then S can be interpreted as the quotient of TX T by the 
diagonal subgroup of order two. It acts on Z(9, $6’“) by translation on the 
left and right. 
By checking the different types of orbits, one sees this lemma applies for 
localities ofTypes AB, B + , B ~, A,, and A,. 
We will show that one locality of a PGL(2)-embedding with Type A, is 
regular. This is done by showing that the maximal ideal of “~9~ is generated 
by two elements with the help of Lemma 4.3. For all the remaining cases 
the rings “0, are not factorial, and therefore not regular. To prove this we 
use the following lemma. 
DEFINITION. For an integral domain R, we say that a E R is extremal in 
R if it has no proper divisor in R : that is, if a = bc with b, c E R, then either 
b or c is a unit. If S is a multiplicative submonoid of R, we say that a is 
extremal in S if it has no proper divisors in S: that is, if a = bc with c E R 
and b E S and such that b is not a unit, then c is a unit in R (note that c 
need not be in S). 
A noetherian integral domain R is factorial ifand only if every extremal 
element of R is prime (i.e., generates a prime ideal). 
LEMMA 4.5. Suppose X is a reduced irreducible affine variety endowed 
with a rational action of a torus T, and Y is a closed irreducible T-stable sub- 
variety of X. Suppose also that O$,, y is integrally closed. Denote by .c? the set 
of eigenvectors of T in k(X). Let f E fix, , n p’; then f is extremal in Co,, y if 
and only if it is extremal in Ox, y n 9. 
Prooj Obviously, if f is extremal in OX, r it is extremal in OX, ,, n 9’. 
Now suppose f is extremal in ~9~. Y n 9. Suppose 
f = g1 ‘g2 with g,, g2EQ,y. 
We will show that either g, or g, is a unit. We can assume that g, E k[X]. 
The plan is to replace g, by an element of 9’. 
CLAIM. If t E T, then t. g, = ug, where u is a unit in O,, ,,. 
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Proof of Claim. Since OX, y is integrally closed, it is a Krull ring; we 
divide its essential valuations into two categories: those stable by T and 
those not stable by T. If w is an essential valuation not stable by T, then 
0 = w(f) = w(g,) + w( gz), and since w is nonnegative on g, and g,, we 
must have that w(g,)=O. Now (t.g,)(t.gz)==t.f=x(t)f where x is a 
character of T; thus we have similarly that w(t . g,) = 0. On the other hand, 
if w is stable by T, then w(t .g,) = (t-‘w)(g,) = w(g,). So for all essential 
valuations of OX Y the element (t.gl)g;’ =a is a unit; thus it is a unit in 
0 x, y and the claim is proven. 
Thus the ideal g,fJX,, is stable by T. Now consider the ideal 
z= g1G.y nk[X] of k[X]. It is stable by T, so it is generated by elements 
of 9’. Suppose hi, . . . . h,~Zn 9 generate Z. Then there exist aiE Ox, y such 
that g, ai = h,, i = 1, . . . . r. Also g, E Z, so there exist bi~k[X], i= 1, . . . . r such 
that g, =I:= I b,h,. We substitute g,a, for h,, and we find g, = 
(C:=, a,h,) g, ; so x;=, ai bi = 1. The a;s and h,‘s are all elements of OX, Y. 
So for at least one i, a, is a unit, because otherwise 1 would be in the 
maximal ideal of OX y. Then a,:’ is a unit, and g, = ai-‘hi, hisPn cT~,~. 
Now suppose g, is not a unit in fix, y; then h, is also not a unit. Since 
f = g, g, =h,(a;‘gz) is extremal in OX ,n,P and h,~L?y ,nP is not a 
unit, then a,‘g, and therefore also g, are units. 1 ’ 
We can apply this lemma to our situation where X is either Z(g, w) or 
Z,(g, w) and T is a maximal torus of B. Thus 9 coincides with our 
previous definition. 
To summarize the results of this section we give a scheme for calculating 
the set .%(G) where G is either SL(2) or PGL(2). 
(1) If I is of Type C, it is in g(G). 
(2) If I is of Type B,, it is not in a(G). 
(3) For the other types 
(i) 0, is regular if and only if “Q is regular; 
(ii) if 1 is of Type AB, B + , B ~, A,, or A,, then “Q is the local 
ring of a fixed point of a two-dimensional affine torus embedding; 
(iii) if ‘0, is not factorial, then it is not regular; 
(iv) if the maximal ideal of ‘0, is generated by two elements, then 
uO, is regular. 
We use Lemma 4.3 to find generators of the maximal ideal, and we apply 
Lemma 4.5 to find extremal elements which are not prime in order to use 
(iii). 
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5. PROOFS OF THEOREMS 3.1 AND 3.2 
SL(2)-Embeddings 
First we give the proof of Theorem 3.1. There are two cases which must 
be considered. First we check the cases where Z(9, w) is a torus 
embedding. Then we show for Types A, with c1 L 3 the ring “0, is not fac- 
torial. Then by what we have seen in Section 4 the theorem will be proven. 
Case 1. 1 is of Type AB, B,, B-~, A,, or A,. 
By checking the list in Proposition 2.4 one sees immediately that these 
are the types for which we can choose 9 such that Z(9, YV) is a torus 
embedding by Lemma 4.4. 
Let us now review some facts about torus embeddings which allow us to 
calculate for which f the corresponding Z(9, YY) is smooth. 
As in Lemma 4.4, we call S the two-dimensional torus for which 
Z(9, YV) is an embedding. We denote 
X(S) = {characters of S} z iz* 
and 
X,(S) = {one-parameter subgroups of S} z iz’. 
Then X(S) and X,(S) are dual. The vector space of linear functionals on 
X(S) is identified with X,(S)Oz R. Let (T be the sector of X,(S)OL R of 
linear functionals on X(S) which are positive on X(S) n uA(9, $V). Then 
CJ is generated over R + by two primitive vectors, e,, e2 E X,(S). The theory 
tells us that the following conditions are equivalent (see, for example, 
[KKMS, Sect. 1.11): 
(i) Z(9, YV) is smooth (and in fact isomorphic to Ai); 
(ii) Z(9, %‘“) is smooth at the fixed point; 
(iii) (e,, e2) forms a basis of X,(S) over iz; 
(iv) det(e, e2)= +l. 
In our case X(S) is the group generated by fr and f2. Now for each type 
we must choose an appropriate 9; then we find e, and e2 and calculate the 
determinant. 
Type AB. Let w, = u(D,, r,) and w2=o(D1, r2) with - 1 dr, < 
rzd 1, ri=pi/qi, i= 1,2. We must choose 9 strictly in IF”- {Or}. So we 
choose 9 = P’ - {Or, D,} for an arbitrary D, E P’. Now if ,f is a character 
of S, then f E c/A(9); thus f E UA(9, YY) if and only if wj(f)>O, i= T, 2. 
So X(S)n UA(B, W)= {fy’fPIm,ri-m,>O i= 1,2}. Then cr is 
generated over R+ by e,=(pr, -4,) and e,=(p,, -q2). Then the 
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determinant det(e, e2) is equal to p2ql - p1q2. So if 1 is of Type AB, then 
it is in %(X,(2)) if and only if Ip2q, -p,q2\ = 1, or in other words, 
r*-f2=(q,&‘. 
The other types are treated similarly. For more details ee [MJ]. 
Case 2. 1 is of Type A,, c1> 3. 
We will show that in this case “~9~ is not factorial, so 14 9(X(2)). 
For I of this type we see from Proposition 2.4 there is only one choice for 
$8. We construct 2 = Z(9, $6’“) = Spec “A(9, -Y). The point z0 of Z has the 
local ring “0,. Let T be a maximal torus of B. Then T acts on Z, and z0 
is fixed by this action. So we can apply Lemma 4.5. The set of eigenvectors 
of T in k(Z) = ‘k(SL(2)) is simply 9. We will construct an element 
FE “6; r\ .Y which is not prime but is extremal in “0,r, 9’. Then by 
Lemma 4.5, we will have shown that “0, is not factorial. 
Recall that w = {w, , . . . . wl} with wi=u(Di,rI), rj~Qn(-l,l] for 
i= 1 > ...> a, and g=Ui”-{D ,,..., D }. Denote ri= pi/qi with pi, qiEZ, 
qi > 0, and pi and q1 relatively prime. 
Set F= f ;“‘f;“‘. 
CLAIM. F is in “Q n 9 and is not prime in “Q. 
Proof of Claim. Obviously FE “A(9) n 9. We will show that w;(F) > 0 
for i= 1, . . . . c(: 
w,(F)= -qlr, +p, =O; 
wz(F)=q,-p1r2=q1(1 -r,r,)aO; 
Wi(F)=q,+pl=q,(l +r,)>O for i = 3, . . . . cc 
Therefore FE “A(9, W) c uO,, and the first part is proven. 
Also note that F is a regular function on Z, which is a normal variety. 
The zero set of F includes one or more of the codimension one subvarieties 
of Z corresponding to the valuations w,, i= 1, . . . . c(. Each of these 
subvarieties contains zO. If c( >, 4 or if r i rz < 1, this zero set contains at least 
two of these subvarieties and is therefore not irreducible. Therefore if ~12 4 
or if r1 or r2 is strictly ess than 1, then F is not prime. 
Now if CX= 3 and r1 =r2= 1, then F= (f, f2)-‘. If r,>O, consider 
F.(f,f,)-‘.(fIf,)-1=(f,f,f,)p2; it is easy to check that each of the 
above terms belong to “0,, but F does not divide (f, f2 f3)- ‘; thus F is not 
prime. If r3 < 0, consider F. f ;* = (fi fx)-’ . (f2f3)-‘; again each of the 
terms belongs to ‘0, but F does not divide either terms on the right. Thus 
F is not prime, and the claim is proven. 
Now we will show that F is extremal in “~9, n 9. Suppose F= g, g, with 
EMBEDDINGS OF sL(2) AND PGL(2) 399 
g,, g, E UO,n 9’. We will show that one of the terms is a unit. We write 
g, =fTh with h E .Y such that the order off, in h is zero. Since h E 9 it is 
homogeneous (that is, the set (cfo 1 c E k*, DE p’ } is identified with the set 
of linear polynomials in two variables; h being a product of elements of this 
type, it is a homogeneous polynomial of two variables). We set d equal to 
the degree of h. 
Now w,(g,)>O means that mr,-d30, and w,(g,)30 means that 
mr, - d < 0, since w1 (F) = 0. So mr, = d. I claim that the degrees of g, and 
g, must be negative. To show this, choose v = v( , -1); this valuation 
dominates I, and for h E 9, u(h) = -deg h; so g, and g, being in IgV n 9, 
their degrees must be negative. This tells us that deg Fd deg g, ~0, i.e., 
q,+p,> -m-d>O; since we have mr,=d, it follows that q,(l+r,)a 
-m(l -t r,)>O, i.e., q, 3 -m 30. Also since mrl is an integer, we know 
that q1 divides m, so either m =0 or -ql; this means either degg, is 0 or 
equal to the degree of F. In the first case g, is a unit in UO,, and in the 
second, g, is a unit. 
Thus F is extremal. This finishes the proof of Theorem 3.1. 1 
PGL(2)-Embeddings 
Now we prove Theorem 3.2. For the most part, we argue just as for 
SL(2)-embeddings. There are two cases similar to the ones above. Then, 
however, we have a third case, where a Type A, locality is regular. 
Case 1. I is of Type AB, B,, B_, A,, or A,. 
Here the proof is similar to the one given above, so we do not give the 
details (see [MJ]). 
For Type A, with CI 2 3 we use the same notation as for SL(2)- 
embeddings. Also we can suppose that rl < ri, i= 1, . . . . c(. 
Case 2. 1 is of Type A, with u 2 4 or of Type A, with r, -c 1. 
This case is very similar to the previous Case 2. The only difference isas 
follows. If p1 + q1 is even, we choose F just as before; but if it is odd, then 
the F chosen before is not stable by { +e}, so we choose P2. From then on 
the proof is the same. (Remember that we had to treat the case of 
r1 = r2 = 1 separately to show that F is not prime. This argument does not 
work for PGL(2)-embeddings, and it is for this reason that we must con- 
sider another case. )
Case 3. 1 is of Type A3 with rI = r2 = r3 = 1. 
We will show that 1~ g(PGL(2)) by proving that ‘0, is regular: we will 
find two elements that generate m,n UA,(g, W). 
Let f’, = (hh-‘, F2 = (fif3)-‘, and F3= (f2f3))‘. Note that since 
f, = f2 + af3 for some a E k*, we have that F7 = F, + aF,. 
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CLAIM. F, and F, general the ideal m, n A,(%J, W). 
Proof of Claim. By Lemma 4.3, we only need to show that any element 
of m,n ‘A&L@, -W) n B is in the ideal (F,, F,). Suppose G ~m,n 
“A,(9, -w^) n 9. Then 
G=cf?fTf? fi (fz+aifd> c,aiEk*,m,EZ,i=l ,..., d 
i=l 
with 
w,(G)=m,-m,-m,-da0 
w2(G)= -m,+m,-m,-db0 
wj(G)= -m,-m,+m3--dB0 
and 
m,+m,+m,+dis even. 
(The last condition holds since G must be stable by the action of { ke}.) 
Then 
G = cf + a?',) 
= cF;“F,PF; fl (F, + a,F,), 
i= I 
where 
m,-m,-m,-d 
CC= 
2 20 
and 2 En. 
B= 
m2-m,-m,-d 
2 20 and /?EZ, 
m,-m,-m,-d 
Y= 2 
20 and yen. 
So G = cF;Ft(F, + aF1)? nf= , (F, + a,F,) E (F,, F,), and the claim is 
proven. 
This finishes the proof of Theorem 3.2. 1 
6. MORPHISMS AND BLOW-UPS OF EMBEDDINGS 
In the theory of torus embeddings one can read off the morphisms 
between embeddings directly from the “fans” of the embeddings. We will 
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show how to do this with the diagrams of SL(2)- and PGL(2)-embeddings. 
Let G denote either Z(2) or PGL(2). 
PROPOSITION 6.1. Let X and X’ be two G-embeddings. Then the identity 
map on G extends to a (necessarily unique) G-morphism cp: X-, X’ if and 
only iffor each 1 E L(X) there exists I’ E L(X’) such that % c &. and if I is 
of type B, then so is I’, and if I if of Type B + (resp. B ~ ) then 1’ is either 
of the same type or of type B,. If cp exists, then it is proper if and only if 
Proof: We will do the case G= SL(2). The proof for G = PGL(2) is 
identical 
It is clear that if cp exists, then it is unique. Also the statement about the 
properness is proven in [LV, Sect. 6.41. 
Now suppose the condition given in the proposition is verified. Then it 
is easily checked that one can choose 9 and 9’ in P’ such that 0, (resp. 
4,) is a local ring of A(9, 6) (resp. A(#, <,)) and 9 c 9”. Therefore we 
have A(9) xA(9’). Now if DE q, then either DE Iv;, or v dominates 4,. 
This implies that we have A(9, %‘J 1 A(9’, q,). This inclusion induces a 
morphism Spec A(9, +‘J + Spec A(9’, +$), which is compatible with 
the identity map on SL(2). We extend this morphism to SL(2). 
(Spec A(9,K)) --t Z(2). (Spec A(9’, Kc)). For all 1~ L(X) these morphisms 
are compatible, so they define a morphism cp: X -+ X’. 
Conversely, if cp exists, let Y be the orbit of X with locality 1. Then 0, 
dominates O,, where 1’ is the locality of the image of Y. This implies first 
of all the inclusion of the facettes. Also if DE ‘~3,~ then the closure of D 
contains Y; thus D = q(D) 2 cp( Y), which means that DE “9,,. Thus we 
have the requirement given in the proposition. 1 
PROPOSITION 6.2 (from [MU]). Suppose X and X’ are smooth G-embed- 
dings with a morphism cp: X -+ X’ as above. Then cp is a composition of blow- 
downs. 
Proof: If X and X’ were smooth surfaces and cp a birational morphism, 
then the result is well-known. In our case since cp is equivariant, we must 
only check when it factors through blowing ups of one-dimensional orbits 
of X’ (remember that X’ has no fixed point since it is smooth). As stated 
in [MU], one can follow the argument found in Section 8C of [Mum] for 
surfaces: First one proves the following statement. Let cp: X, +X, be a 
birational morphism of G-embeddings; suppose Yi is a one-dimensional 
orbit in Xi, i= 1,2, with cp( Y,) = Y,; then either cp-’ is regular at Y, or cp 
factors through p : X,, the blow-up of X, in Y,. This is done as follows. 
First note that since each orbit is contained in an open quasi-projective 
stable neighborhood [Sum], and since blowing up is a local property, we 
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may assume that X, and X, are projective. Now R is endowed with the 
structure of a G-embedding such that n is equivariant. The birational map 
~=I.po?l-‘: x, + y is equivariant; hus the fundamental points of 6 and its 
inverse are stable. Consider $( Y,) c n ‘(Y,) = E; if it is of dimension one, 
it consists of a finite number of sections of E + Y2, and by Zariski’s Main 
Theorem $I is regular; if it is of dimension two, then @ I is regular on all 
of E expect possibly a finite number of sections of E + Y,. By checking the 
W + 
0 
-I/” Jr 
nz2 . 
(9) 
vim - 
0 + 
Jr 
0 
m22 
nj22 (i=l,...,m) 
mi-3 
(e) + + 
+k 0 
00 
W 
0-l 
'%I - 
0 
-l/n 
-fi 
rlzl,Inz2 
(9 I/2 - 
k 
I 
FIG. 4. The list of diagrams of all minimal models of SL(Z)-embeddings. 
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local coordinates of the map 7c, one sees that the latter case implies that 
cp -’ is regular on Y,. 
To finish the proof of the proposition, if cp is not an isomorphism it 
factors through a blow-up by what we have shown above. This process can 
be repeated only a finite number of times, since X1 has only a finite number 
of codimension one stable subvarieties. m 
(See also [Dan2, MO, Sect. IlO] for more general results.) 
(a) (b) 
llikl (i=l,...,m) 
m>I 
(a) 
FIG. 5. The list of diagrams of all minimal models of PGL(Z)-embeddings. 
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We can use what we know about smooth embeddings to find which ones 
are minimal. 
DEFINITION. A smooth complete embedding is called minimal if it is not 
the blow-up of another smooth embedding. 
See Figs. 4 and 5 for the diagrams of minimal embeddings. 
One can study the geometry of these embeddings. For example, one can 
show that the only nonprojective minimal embeddings are those shown in 
Fig. 4(b,c) and Fig. 5(b) with m 3 2. As an example, the PGL(2)-embed- 
ding with the diagram in Fig. 5(g) is isomorphic to X= P’ x P’ x P’, where 
the action of SL(2) on X is given by the diagonal action on IFD’. The study 
of the geometry of these embeddings will be presented in a forthcoming 
publication. (See also [MJ].) 
APPENDIX: CORRECTION TO PROOF OF PROPOSITION 2.4 IN [LV] 
I include here a correction to [LV, p. 236, lines 4141 communicated to 
me by Luna and Vust. I include it because we already have all the 
necessary notation, and also it will give the reader an idea of the kinds of 
conditions one must verify to prove the proposition. 
One must prove that the localities of Type A, satisfy the following 
properties: 
(W) There exists f~9 n A(9) such that w(f) > 0 for all w E YY. 
W’),, If u 2 2, for each w E Y’#‘” there exists f,Y E9 n A(9) such that 
if M;‘E~Y-w 
if w’ = w. 
Choose hj as the function denoted in this paper by f,, (j = 1, . . . . (x); i.e., 
hj generates the ideal in k[SL(2)] of functions which vanish on 0,. Let p 
be a strictly positive integer such that 
P -EE 
1 +r, 
(j= 1 , ..., a). 
Remember that t = CT=, (l/( 1+ r,)) - 1 > 0. Let 
n, =PZt6. - 
2 
” 1 + r, ” (1 +r;(l +rj) 
EZ (i,j=l a) > “., 
and let 
f, = A',',' ~~~h~“~~nAA(~) (i= 1 > ‘.., NJ. 
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We have 
W.j(fJ = - i nik + n,( 1 + Q) 
k=l 
= 2 +p%,-‘7- 
1 +r, 
= p2t6,. 
The product of the f,‘s obviously verifies the condition (W). If ~132, let 
gi = ni, jfj~ 9 n A(9). The g,‘s verify the condition (W’),,. 
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